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BAYESIAN ROBUSTNESS IN HIERARCHICAL MODELS

Abstract. In applications of Bayesian analysis one problem that arises is the
evaluation of the sensitivity, or robustness, of the adopted inferential procedure
with respect to the components of the formulated statistical model. In partic-
ular, it is of interest to study robustness with respect to the prior, when this
latter cannot be uniquely elicitated, but a whole class I' of probability measures,
agreeing with the available information, can be identified. In this situation, the
analysis of robustness consists of finding the extrema of posterior functionals
under I'. In this paper we provide a theoretical framework for the treatment
of a global robustness problem in the context of hierarchical mixture modeling,
where the mixing distribution is a random probability whose law belongs to a
generalized moment class I'. Under suitable conditions on the functions describ-
ing the problem, the solution of this latter coincides with the solution of a linear

semi-infinite programming problem.
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1. Introduction

Robustness analysis is concerned with the sensitivity of the results of the inference to
the assumptions of the adopted model. In particular, in Bayesian inference a robustness
problem arises for instance when, due to lack of information, the prior is difficult to be
elicitated.

The state of the art, up to 2000, of robustness issues in Bayesian analysis is exhibited
in the papers collected in Rios Insua and Ruggeri (2000); the opening paper by Berger et
al. (2000) presents an overview of the robust Bayesian approach, which usually includes
the global robustness approach, where the class of all priors coherent with the elicited
prior information is considered, and the local robustness approach, where the interest is
in the rate of change in inferences with respect to small changes in the prior.

When considering global robustness (in short, robustness henceforth), the analysis

usually can be expressed as follows
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where g : © — IR is some function of interest, {(f) is the likelihood function, © is the
parameter space and 7 is the prior distribution which is assumed to belong to a class I' of
probability distributions. Of course, without loss of generality, the analysis can be focused
on the supremum. In this framework, the possibility of providing effective algorithms for
the analysis of robustness is available in the case of classes of priors defined by generalized
moment conditions, since here the problem of analyzing Bayesian robustness is reduced
to a problem of Linear Semi-Infinite Programming.

Generalized moment classes have been considered in connection with robustness

first by Betro et al. (1994) and then by Betro and Guglielmi (1994), Goutis (1994),



Dall’Aglio (1995), Smith (1995), Betro et al. (1996), Betro and Guglielmi (1997, 2000).
Such classes incorporate a number of interesting situations — the most common being the
one in which bounds on quantiles of the prior distribution are available — and have been
widely studied in other contexts. Consequently, a rather comprehensive theory exists for
optimization of linear functionals defined over them, mainly due to Kemperman (1971,
1983, 1987). In robustness analysis, the functional to be optimized is not linear but, as
first noticed in Betro and Guglielmi (1994), it is possible to obtain linearity by a suitable
transformation, so that the above theory can be applied, as extensively studied in Betro
and Guglielmi (2000). We remark that, as shown in Hoff (2003), probability measures
belonging to a generalized moment class can be represented as convex combinations of
extremal probability measures. This property can be exploited as an alternative way for
solving the robustness problem, as in Betro et al. (1994); however, the corresponding
optimization problem turns out to be a global nonlinear one, and its numerical solution
seems more difficult to be obtained.

The aim of this paper is to provide a theoretical framework for the treatment of a
global robustness problem within nonparametric hierarchical mixture modeling. By their
flexibility, combined with the development of suitable sample techniques, Bayesian hier-
archical models based on Dirichlet processes or other random probability measures have
greatly increased their popularity. Here, extending the results of Betro and Guglielmi
(2000), the random probability measure defining the mixing distribution is assumed to
vary in a generalized moment class, as described in Section 2. The resulting robustness
problem will be referred to as nonparametric robustness problem. Since the extension
requires to work with the set M of all finite Borel measures on a separable metric space,

in Section 3 we establish the fundamental results of the generalized moment problem in



M. The key result is Theorem 3.1, which is similar to Theorem 5 in Kemperman (1983);
proof of this latter was never published, while the former is proved here using a classical
result in convex analysis known as Farkas’ lemma. The application of the general the-
ory to robustness analysis is described in Section 4. Finally, two examples illustrate the

approach.

2. The problem

In the last 10 years, a large amount of papers in the nonparametric Bayesian literature
have been devoted to study inferences in the context of hierarchical mixture modeling,

described as follows:

Xi,..., X, Y1, ..., Y, are independent

X;|Y; is distributed according to £(X;|Y;), i =1,...,r (2.1)
Yi,..., Y, |7 are i.i.d. according to 7,
and
T ~q, (2.2)

where ¢ is a nonparametric prior, i.e. the distribution of a random probability measure
7. The most popular choice for 7 is the Dirichlet process, and the resulting model,
introduced by Lo (1984), is known as “mixture of Dirichlet process models” (MDP) or
“Dirichlet mixture of kernels”. Relevant contributions in the context of nonparametric
Bayesian hierarchical mixture modeling include those by, among others, Escobar and
West (1995, 1998) for the MDP model, Petrone (1995) for Bernstein polynomials, Lijoi
et al. (2005) for mixtures of normalized inverse-Gaussian processes, and Nieto-Barajas
et al. (2004) for mixtures of normalized random distribution functions with independent

increments. For an overview on the Bayesian nonparametric approach, see Ghosh and



Ramamoorthi (2003).

This article considers a more general framework, assuming that the prior ¢ cannot be
uniquely specified but belongs to a generalized moment class. According to (2.1), the data
are represented by r random vectors X, ..., X, with values in IR¥, and the conditional
distribution of X; given Y; is defined by a transition probability density k(z;y), i.e.

E:RFxY — [0,4+00), where ) is a measurable subset of IR", such that
o y — k(z;y) is m-measurable for all z in R*;

e 1 — k(z;y) is a probability density on IR*, for all y in Y, with respect to a o-finite

measure \ on IR”.

Observe that, by (2.1), whatever distribution ¢ is chosen, the prior is concentrated on
the space of densities. We assume that 7 takes values in a subset S of P(})), the set of
all probability measures on ), so that ¢ belongs to P(S). If x = (z1,...,z,) is a sample

from (Xi,...,X,), the posterior distribution of 7 is given by the Bayes theorem

[(m)q(dn)

A1) = gdn)

where [(7) := I(7; v) = [;_; p(w; 7) is the likelihood function, and p(z; 7) := [}, k(z; y)7(dy).

We assume that ¢ in (2.2) belongs to a (nonempty) generalized moment class T,

P ={geP(S): /Sfi(ﬂ)q(dﬂ) <opi=1,...,m}, (2.3)

where f; are given g-integrable functions, and «; are fixed real constants, i = 1,...,m.

The global robustness problem consists of determining

s 9(m)1(m)a(dr)
SR s l(m)q(dn) 24

where g : § — IR is a given function such that [g g(m)q(dr|z) exists for all g.



Observe that, if S is the space of degenerate probability measures on ), then p(z; ) =
p(x;0,) = k(z;y), and the problem considered here coincides with the parametric problem
considered in Betro and Guglielmi (1997, 2000). For this reason, (2.3)-(2.4) can be viewed
as an extension to the nonparametric setting of the robustness parametric analysis under
generalized moment conditions.

As concern the functions defining I', possible choices for the function g are the fol-

lowing;:

e g(m) = Is,(m), the indicator function of some measurable subset S; of interest; in
this case we are concerned with the posterior probability that the random mixing

probability measure 7 belongs to Si;

o g(m) =m(A), A € B(Y); in this case, we want to compute the supremum of the a

posteriori expected value of the random variable 7(A), when ¢ varies in T’

e g(n) = p(x;7), v € R¥, i.e. we deal with the predictive density of a future observa-

tion.

As far as the constraints are concerned, possible functions f;’s are:

o fi(m) = Jx, pla;m)A(dx), K; € B(RY), so that [5 fi(m)g(dr) =[x, mx, (x)A(dx),
where my, denotes the marginal density of a single observation; such a constraint

specifies a bound on the marginal distribution;

o for k= 1, fi(r) = fua'pla;m)A(dz) so that [5 fi(m)a(dm) = f o' mx, ()A(de),

here the bound is on the moments of the marginal distribution;

o fi(m) = [yy'w(dy), if Y€ B(IR); such a constraint represents a bound on the ex-

pected value of the i-th moment functional of the random probability measure 7.



Analogously to the parametric problem, the functional to be optimized in (2.4) is
not linear in the argument ¢; however by means of a variable transformation approach,
it is easy to obtain an equivalent linear optimization problem (see Betro and Guglielmi,
2000). Indeed, consider the map v from P(S) to M(S) which associates to the probability

measure ¢ the finite measure p defined by

q(A)

Y(q)(A) = p(A) = Wu

A€ B(S), (2.5)

assuming that 0 < [ql(m)q(dr) < +o0. It is easily seen that [ql(m)u(dr) = 1 if, and
only if, u € ¥(P(S)). Moreover, the map ¢ is injective. Indeed, if ¢(q1) = 1(gz) then,
by (2.5) with A = S it holds [gl(m)q(dm) = [s1(m)gz2(d), so that g1 (A) = ¢g2(A) for all

A € B(S), i.e. 1 = g2 By this transformation, problem (2.3)-(2.4) turns into

sup [ g(m)l(m)u(dm), (2.6)
uEM; 4S8
where
My = Mi(S) = {un € M(S): /Sﬁ-(ﬂ)u(dw) <0, i= ,...,m,/sl(w)u(dw) —1)
(2.7)

and f;(n7) = film) —oy, i=1,...,m.
Problem (2.6)-(2.7) is an instance of the class of generalized moment problems widely
studied by Kemperman (see e.g. Kemperman, 1971; 1983; 1987). The main results which

are useful for our purposes are reported in the following section.
3. Some theory on the generalized moment problem

Consider a general separable metric space S, and let M = M(S) be the set of all
finite Borel measures on S; see Appendix A for preliminaries on the space M. Let

h; S — R, u: S — IR be measurable functions and 7n; be real constants, i = 1,... n.



The generalized moment problem consists in determining the upper bound

U:= sup [ udp, (3.1)
ueEM; 4S8

where M; = My(S) = {u € M : [ghfdu < +oo, [shidp < n;i = 1,...,n}. We
assume the existence of p* in My such that [u~du* > —oo, so that U > —oo. From
now on, IR’ will denote the set {(z1,...,2z,) € R":2; >0V i=1,...,n}.

It is easy to show that, for any convex subset Mg of M containing M, it holds
U<U*:=inf {> Bimi+ sup [ (u—>Y_ Bh)dp, 3R }.
i=1 pEMo /S i=1

At this point we aim to determine: (a) conditions under which U* is finite and

U = U*; (b) a tractable form for U*. Note that if My = M, then

U* =inf { iﬁmz . peRY, iﬁihi(s) >u(s)VseS} (3.2)
i=1 i=1

and the problem of calculating U* as in (3.2) is usually called Linear Semi-Infinite
Programming (LSIP) problem; see Goberna and Lépez (1998). However, assuming M, =
M will not guarantee that U and U* coincide. Theorem 3.2, representing the main result
of this section, answers to issue (a) and permits to obtain (3.2) when M, is a proper
compact subset of M.

We introduce the following conditions:

H1: h; is lower semicontinuous (l.s.c.), i.e. {s € S : hy(s) > b} is an open set for any

beR, foralli=1,... n;
H2: h;(s) > C; for all s € S, for some constants C; <0, i=1,...,n;
H3: there exists § € IR" such that 37, 3;hi(s) > 1 for all s € S;

H4: for any € > 0 there exist a compact set K. in § and 3° € R}, with }7i" ; 57 < B for

some positive constant B, such that 7 ; G5h;(s) > % for all s € KE.



H5: u is upper semicontinuous (u.s.c.), i.e. —u is l.s.c.;
H6: u(s) < G for all s € S, for some constant G > 0;
H7: there exists 3 € IR,:L_+1, such that >, Bihi(s) — ﬁNnHu(s) > 1 for all s € S;

HS8: for any e > 0 there exist a compact set K, in S and 3¢ € R? with Y g5 < B

for some positive constant B, such that 37", 3£h,(s) — 5, u(s) > L forall s € KE.

Observe that H3 (H4) is a special case of H7 (HS).
Next theorem is the key result of the section. It is analogous to Theorem 5 in
Kemperman (1983), which, however, was stated without proof. Condition H3 used here

appears to be easier to verify than formula (4.4) in Kemperman’s theorem.

THEOREM 3.1. Under H1-Hj, My # 0 if, and only if, the following condition

holds:

if B € R} is such that > Bihi(s) > 0 for any s € S, then>_ Bim; > 0. (3.3)

=1 =1

PROOF. See Appendix B.

Theorem 3.2 stems now from Theorem 3.1; the proof is rather technical and uses
standard arguments of generalized moment theory. The interested reader is referred to

Betro et al. (2002).
THEOREM 3.2. Under HI-H2 and H5-HS, if My # 0, then
U=imf{d Bmi: BeR, D Bihi(s)>u(s), VseS} (3.4)
i=1 i=1

Moreover, the supremum U 1is finite and attained.



If the metric space S is compact, some of the hypotheses in Theorem 3.2 are auto-

matically satisfied so we can state the following

COROLLARY 3.1. Let S be compact. Under H1, H5 and H7, if My # (), then

U:= sup [ udp=inf{d Bm;: 8RR}, Bihi(s) > u(s) VseS}. (3.5)
HEM; 4S8 1 1

Moreover, the supremum U is finite and attained.

4. Solving nonparametric robustness problems

In this section we apply the results of the previous one to problem (2.6)-(2.7), using
the same notation as in Section 2. Indeed, any subset S of P())) is separable by the
separability of ) C IR*. Conditions H1-H2 and H5-HS8 are immediately transposed into

the following I1-17, exploiting the nonnegativity of {(7) in the formulation of 16 and I7.
I1: fj is l.s.c., y =1,...,m, and [ is continuous;

[2: g is u.s.c;

I3: f; > Cj, j=1,...,m, where C}’s are real (negative) constants;
I4: [ is bounded;
I5: gl is bounded from above;

16: there exist 3y € Ry, § € R™! such that Gol(7) + ST, Bifi(m) — Bnrrg(m)l(m) > 1

for all 7 in S;

I7: for any € > 0 there exist a compact set K. in S and 55 € Ry, 5° € IRZ”1 with
ymtl g < B for some positive constant B, such that Bgl(w) + ™, 65 fi(m) —

Brp19(m)l(m) > % for all  in K.

m

10



Remark 1. 1If 16 holds with Bmﬂ = 0, then choosing ¢ such that 1 — Boé > 0 and
B = 3i/(1 = Boé), it is also X7, B.fi(m) > 1 for all 7 in S such that [(r) < &. Roughly
speaking, when [ is small, at least one of the ﬁ’s is positive and far from 0. The converse
is also true: if there exist £ > 0 and § € R™ such that 37, 3if;(7) > 1 for all 7 € S at

which I(7) < &, then 16 holds with (41 = 0 and Gy > (1 — 2™, 5:C) /&
The result follows immediately:
THEOREM 4.1. Under 11-17, if M{(S) # 0, then

SupuEMl fS Q(W)Z(W)M(dﬂ) = lnf{ ﬁO : ﬁO S Raﬁ € ]R'Ta (4 1)

Bol(m) + 0 B fi(m) > g(m)l(n) ¥ 7 € S}

and the supremum in the left hand-side of (4.1) is finite and attained.

PrROOF. Apply Theorem 3.2 with n = m+2, u = gl, My = My(S), hy =1, hy = —I,

m=1n=-1, hi+2:ﬁ,ni+2=0,i:1,...,m.

Remark 2. According to Corollary 3.1, when S is compact, only assumptions 11-12

and 16 are to be verified.

Remark 3. If any of the constraint functions f;(7) has the form [y, 2(y)7(dy), and
z 1Y — IR is bounded from below and l.s.c, then it is easy to show that f; is Ls.c. as well
(see Lemma 3 in Kemperman, 1983). Indeed, the result holds not only for probabilities,

but also for finite measures.

Here follow some considerations about the solution of (4.1). Theorem 4.1 shows that

the required maximum can be obtained solving a LSIP problem. Although algorithms

11



for this latter exist, regardless of the structure of S (see e.g. Betro, 2004), in practice
the infinite dimensionality of & must be dealt with, so that a finite approximation is
necessary. Treatment of such computational aspects is beyond the scope of this paper.

Once it has been ensured that the supremum in (2.6) is reached by some measure
¥, then it can be assumed that p* has finite support of at most m + 1 points. Indeed,
setting

20 = / gldp*,  z; = / f;d,u*, i1=1,...m,
S S

and recalling that 1 = [gldp*, Theorem 1 in Rogosinsky (1958) (see also Lemma 1 in
Kemperman, 1983) states that there exists a measure i, having finite support of at most
m + 2 points, and such that [sldp =1, [5gldp = 2o, [ fidp=z,i=1,...,m, so that
such a measure is still optimal. Consequently, the problem of determining sup e vy, fs gldp
turns out be an ordinary (finite) linear programming problem in m+2 variables and m+1
constraints for which it is well known that, if a solution exists, then it can be assumed
to have at most m + 1 non-null coordinates.

Denoting by p* an optimal measure with atoms 77, ..., 7; and corresponding masses
His ooty 5 >0, 5 =1,... k, k <m+1, if the infimum in (4.1) is a minimum achieved

by, say, 45 € IR and corresponding coefficients 5 >0 (i = 1...,m), then it is

0< (B30 +50 B fi — gl) dur*

=B+ Xm, B [ fidpt — 85 <0
so that

SU(m) + 3 B fi)) = g(m)Umy), G =1,....k (4.2)

and

12



for all ¢’s such that ¢ € {1,...,m} and §; > 0.
Conversely, if p¢* in M; is an atomic measure with support nf,.... 7 , k < m+1

which satisfies (4.2)—(4.3), then p* is an optimal measure. Indeed
G > [t =55 [1aw + 350 [ e =5
i=1

so that [gldp* = 35, i.e. p* is optimal.
The above characterization of an optimal measure is useful for practical computations,

as illustrated in the next Section.

Finally, observe that in order to apply Theorem 4.1 we need to either provide con-
ditions under which § is compact, or single out compact subsets of S (see I7). If we
assume that ) is compact and § is closed, then § is compact; indeed, if ) is compact,
then S C P(Y) is trivially tight and, being closed, is compact too by Prohorov’s theorem
(see, e.g., Parthasarathy, 1967; Theorem 6.7, p. 47). If S is not compact, but ) and
S are closed subsets in their corresponding spaces, then § is a Polish space too, so by
Prohorov’s theorem we can characterize compact sets in S as the closures of tight sets is

S. For instance, condition I7 holds when one of the functions f;’s, say fi, has the form

fi(m) = /yz<y)7r(dy) —an, 2y) >0, C <0,

Jp is a positive real number such that 1/dp —C'+ay > 0, and for some family of nonempty
compact sets {As C V;0 < § < dp} nondecreasing when § decreases to zero and such

that 7(A§,) = 0 for some 7 in S, there exists a function v(8) such that

lim v(6) =0, v(J) inf 2(y) > (15 —C+aq for § < dp.

d—0+ yeAg
This is the case, e.g., if Y = [0, +00), z(y) > y* and nondecreasing in [K, +00) for some

a > 0 and K > 0, provided that 7((K,+o0c)) = 0 for some 7 in S; indeed, it is easily

13



verified that we can take As = [0, (2(1/6)(1/6 — C + ay))=] and v(6) = 2~1(1/8) for
§ <dp=1/K, assuming 1/K — C + a; > 1.

For any € < §y, define K. = {m € S : 7(A§) < v(d) V § < e } # (). By definition,
K. is tight and is easily seen to be closed, so that it is compact. For any 7 in KS, there

exists . < e such that w(A§ ) > v(d,), and hence

film) = Juc 2(y)m(dy) + fa,, 2(y)m(dy) — o

> infyeAgr 2(Y)v(0z) +C —ay > i >

M =

Ve K,

so that 17 is fulfilled by choosing Bf = 1 and all other coefficients equal to 0. An
analogous argument can be developed when g(7) has the form [gzdmr. Essentially, this
example shows that condition 17 is a request for “divergence to infinity” for some of the

constraint functions f;’s or for —gl.
5. Examples

We apply Theorem 4.1 to the study of robustness in the following two simple situa-

tions, which aim at illustrating a technique that can be applied to more general cases.

Ezample 1. (S compact). According to notation in Sections 2 and 4, assume that,

for any ¢, X;|Y; in (2.1) is Bernoulli distributed with parameter Y; so that
plasm) = [ (1 =)~ w(dy). = € {0.1),
where Y = [0,1] and m € § = P(Y). The likelihood can be expressed simply as
I(m) = (/yyw(dy))qui : (1 — /yyﬁ(dy))r_zzmi, Tes.

Let S = {(1 —a)m +am:ae[0,1]} and S = {(1 — a)m + am : a € [1, 2]}, where

71 and m, are probability measures in S such that [} ym (dy) = 1/4, [} yma(dy) = 3/8.

14



Assume r =2, 1 = x5 =1, m = 3, and let

Fim) = [ty = 5. Fam) == [ yntan) + 5, Folm) = 5 ~ Isu(x).

This means that ¢ belongs to I' if, and only if,

P(X = 1) = [ fmatim) = [ [ yw(dyatan) = 5 and 4(8) > ¢

Finally, consider
g(m) = Is, (),

assuming we are interested in the supremum of the posterior probability that 7 belongs
to 8.

Since S is compact by the compactness of Y, in order to apply Theorem 4.1 it is
sufficient to verify 11, 12 and 16. Note that M;(S) is a nonempty set as, for example, it
contains the measure with atoms (m + m2)/2 and d3,4 and weights, respectively, 0.1696
and 0.1272. Moreover, the function fg is L.s.c. since &, is closed in S, ¢ is u.s.c. since &7
is closed in S, while f; is continuous and bounded and [ is continuous and positive on S.
By Remark 1, condition I6 is verified since, if I(7) < & < 1, then fo(r) > 1 — /2 >0, s0
that 3 3 f;(m) > 1 for By = 35 =0, By > (1/2 — €'/2)"V and By > (1 + [(2/2)/e. Observe
that, if 7 € Sy, then [ yr(dy) = 1 + 2 for some A in [0,1]; if 7 € Sy, denote 3 ym(dy)

by z. Therefore, by Theorem 4.1, the solution of (2.3)-(2.4) is the solution of the LSIP

15



problem

= o

Bo—1) (42 +o(-2+2)~Is 20, foralll<A<

I,

(Bo = 1) (i+§)2+b(—§+§)+§ﬁg >0, forall0<A<
Boz? +b (2= 5) + s >0, forall z € [0,1],
0<G<1Lb=0 -0 eR,[€R,.

As 0 < By < 1, the first set of inequalities, when A = %, yields b < 0. Therefore,

2
(Bo— 1) (i + %) +b (—i + %) — %63, as a function of A, is nonincreasing on [0,1], so

that the first and the second sets of inequalities hold if, and only if, they hold for A = %
and A\ = 1, respectively. As far as the third condition is concerned, it can be clearly seen
that it holds when 283, + b > 0; if 26, 4+ b < 0, it holds if, and only if, Gy + g + éﬁg > 0.
Summing up, solving (5.1) is equivalent to solve the LP problems
min Sy min [
2 2
(Bo=1) () +0(-a) — =0 G- () +b(-%) k=0

G- (&) +0(=1) +18>0 (G- (&) +b(=1) + 18>0

26 + b >0 260 +b <0
0<f <1 Bo+35b+50:>0
b<0 0< G <1
B3 =0, b<0

Bs > 0.

The corresponding solutions are, respectively, Gy = 0.3483, b = —0.6967, #3 = 0.0364,

and [y = 0.3454, b = —0.6999, (5 = 0.0366, so that 3 = 0.3454. As observed in Section

16



4, the optimal measure p* is discrete with at most m + 1 points {r{,..., 7 ;} in its
support. This latter set can be found via (4.2) with G} = 0.3454, b* = 35 — 37 = 0.6999,
B35 = 0.0366; the set of the corresponding weights is determined solving the finite system

given by (4.3) together with [ldu* =1 as seen in Section 4. It turns out that
p" = 0.6546 05z + 0.3967 0z + 2.1226 0z,

where 7} = 01, 75 = im + %71'2 and 7§ = 9.

To complete the analysis of robustness, we need to determine

Js Is, (m)l(m)q(dn) Js —1s, (m)l(m)q(d)

inf = —sup

gl [ l(m)g(dm) gel Jsl(m)q(dm)

. (5.2)

Unfortunately —/g, is not u.s.c., as Sy is a closed set, so that we cannot apply directly

Theorem 4.1. However, denoting the interior of S; by S}, —Is; is u.s.c., and

s I (Mlmaldn) s T (mUma(d)
el [sl(m)g(dm)  ~ et [sl(m)g(dm)

We will determine the right hand-side in the above inequality and show that it is equal
to the left hand-side.

We note that condition 16 is satisfied here too. Using the same argument as before,
we obtain an LP problem having solution ;5 = —0.0208, 0* = —(, and 35 = 0.0833, so
that

p* = 0.6546 8 + 0.0793 8, + 2.1226 0z,

where ] = 01, T = im + %7?2 and 7 = 7. Since the atoms of p* do not belong to

&1\ Sy, then p* is an optimal measure for (5.2) too. Summing up, for all ¢ in T', it is

0.0208 < Js 15 (MI(m)q(dm)

[sl(myq(dm) = 30%
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Ezample 2. (S not compact). We assume that X,..., X, are i.i.d., given 7, with
density
plz;m) = /y Zy: A,gy)ke_kzw(dy), x>0, (5.3)
k=1
where Y = [1,4+00), § = P(IN), and A%‘), o ,)\éy) are fixed probability weights for all

y=1,2,... ie X;|Y;is distributed according to a mixture of y exponentials.

We consider g(m) = Ig, (), with S; = {d:}, and

fim) = [ ymldy) —ar, o) = —x({2}) = m({3)) —

where aq, ap are fixed real constants, a; > 1, =1 < ay < 0, i.e., we are interested
here in the supremum of the posterior probability that Xi,..., X, is a sample from the

exponential distribution with parameter equal to 1, under the constraints

E,( [ vr(dy) < on. By(7({2) +7({3)) =

Observe that a more general example would result assuming that the weights A%’} ey )\gy)

in (5.3) are random as well, so that 7 should represent the distribution of (y, )\gy), o AW,

Y
However, in this framework, fixing Aﬁy), cee /\?(Jy) for all y = 1,2,... in (5.3) corresponds
to averaging with respect to a fixed distribution for (A@, e )\éy)) given .

In this example, S = P(IN) is not compact, but it is easily seen to be closed. There-
fore, due to the arguments introduced at the end of Section 4, I7 holds since f; has the
form [}, z(y)m(dy). Moreover, f1is Ls.c. (see Remark 3), f, and [ are continuous on S,
g is w.s.c. since & is trivially closed, and it is easy to verify that 13, 14 and I5 hold. As
far as 16 is concerned, simple calculations show that the condition is satisfied, applying
Remark 1 with 53 = 51 =0 and Bo; 52 large enough. Finally, it can be checked that, if

—ag < ap — 1, then M(8S) # 0. Therefore, the required maximum is equal to
inf{By: 0 < By < 1,51, 82 > 0, Bol(m) + Bufi(r) + Bafo(m) > g(m)l(m) Y € S} (5.4)

18



Now, assuming r = 1, and denoting m({i}) by ;, the feasible region is given by
(Bo — De ™™ + (1 — 1) + Ba(—a2) > 0 (5.5)

+o00 7 ) +o0
50 Zﬂ'z< Z )\,(Cz)k’e_lml) + ﬁl(z iﬂ'i — Oé1> + ﬁg(—ﬂ'g — T3 — CYQ) Z 0, (56)
k=1 1

=1

where 0 < 7 < 1, 0 < 7 < 1 in (6.6), which is linear in 7 := {m,ma,...}.
Evaluating (5.6) at the simplex vertices, together with (5.5), gives the following equivalent

formulation of (5.4)
ming<g,<1 o
1 20,0,2>0
(Bo —De™™ + Bi(1 — 1) + fa(—az) >0
Bo(AP e 4+ AP2e721) 4 51(2 — o) + Ba(—1 — @) > 0
Bo(APem 4 AP 26721 1 AP3e7371) 1 (3 — ) + Fa(—1 — ag) >0,

For example, if a; = 1.5, —ap = 0.5, 1 = 4.6 and A{Y = 0.2, A% = 0.01, A{Y = 0.02,
we found that the infimum is equal to G5 = 0.8223, while, if a; = 3.5, —ap = 0.75,
21 = 0.6931 and A = 0.5, A = 1 AP =1 then f; = 0.2667.

To complete the example, we note that the infimum in (5.2) is equal to 0 in this case;

indeed, there exists a degenerate measure ¢ = d; belonging to I', where the support of 7

is contained in {1,2,3} and 7({1}) < 1.
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Appendix A

Let S be a metric space, endowed with the class B(S) of Borel sets in S. Let P(S) be
the space of all probability measures on (S, B(S)), with the topology of weak convergence:
7, — min P(S) if [s fdm, — [s fdm for every bounded, continuous real function f on
S. Let M(S) be the space of all finite positive measures on (S, B(S)), equipped with
the topology of weak convergence as well (see Parthasaraty, 1967, p. 40). Over P(S)
and M(S) we consider the corresponding Borel o-fields. It is well known that P(S) and
M(S), both endowed with the topology of weak convergence, are separable metric spaces
if, and only if, § is separable; distances metrizing the topology of weak convergence in
P(S) and M(S) are the Prohorov distance and the one described in Doob (1994), p.
139-140, respectively. Moreover, observe that if S is a Polish space then both P(S) and
M(S) are Polish in their corresponding topologies (see Prohorov, 1956).

When dealing with finite measures on a topological space, an important notion is
the tightness of a family of finite measures. A subset A of M(S) is tight if for all € > 0
there exists a compact set K, in S such that u(KS) < ¢ for each p in A (Ash, 1972, p.
330). Recalling that a subset A of a metric space is relatively compact if every sequence
of elements in A contains a weakly convergent subsequence, the following theorem states
that tightness is a sufficient condition for relative compactness of a set of uniformly
bounded measures.

THEOREM A.1 Let S be separable. If A C M(S) is tight and sup,e 4 u(S) < C for
some positive constant C', then A is relatively compact.

This is a part of the well-known Prohorov’s theorem; see, for instance, Ash (1972),

where the result is stated when S = IR.
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Appendix B

PROOF OF THEOREM 3.1. The “only if” part is obvious. Indeed, if M; # 0, there
exists a finite measure fi in M;; therefore, if we choose 8 € R} such that >°i; B;hi(s) > 0
for any s € S, we have

0< [\ 3 An(s)idds) <3 .
We prove the “if” part in several steps. We show that the measures in M; are uniformly
bounded (Step 1), so that M is tight (Step 2). As M, is contained in a convex and
compact subset too, we will provide a necessary and sufficient condition for M; to be
not empty (Step 3) that is implied by (4.2) (Step 4).
STEP 1. My C Mp :={u € M(S) : u(S) < D} for some positive D.

Indeed, if 4 € My, by H3,

n n

W) = [Lnlds) < [ 3 Bluls)utds) < 3= B

i=1 -
therefore, if D := 1+ Y1, Bim;, then D > 0 and w(S) < D. Of course, if My = (),

trivially My C Mp for all D > 0.

STEP 2. M, is tight.

This is obvious when M; = ). Otherwise, let u € M; and o > 0; by H2 and H4 we have

2?21 5?771 Z fg 2?21 5%’7%(8)#(618) = 2?21 ﬁf fKU hi(‘s):u(dS) + fKS Z?:l ﬁfhi(S)/L(dS)
> S, BC(Ky) + Lu(KS) = Xy B7Ciu(S) + (£ = S, B7CHp(KS),
so that

Doy B — 2y ﬁfciﬂ(s
. — i G

W(KS) < b <o prn - Cn(s),
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By H4

n

Zﬁf(nz - Z nmaz - man) S maX{O7 Nmaz — sznD}B

where 7,4, := max; n; and C,,;, := min; C;, and this yields
M(ch) < oB max{0>77ma:1: - CmmD} = (5(0) - 0, for o — O,
i.e. My is tight.

STEP 3. M # () if, and only if, the following condition holds:

inf /Zﬁz (5)u(ds) < Zﬁzm, for all 3 € R", (B.1)

wEND
where Np = {u € Mp : u(KS) < 6(0) ¥ o >0}, and Mp and §(o) are as in previous
Steps.

Indeed, first of all, observe that M; C Np; moreover, if N, := { € Mp : u(KS) <
§(o)}, it is Np = NgsoN,. We prove that, for all o > 0, if {u,}n C Ny, ftn — p, then
u € N, and, hence, N, is closed. By Lemma 3 in Kemperman (1983), for each n, o > 0,
pn(KS) = [ e dp = sup{ [s fdu, : f bounded and continuous, f < IKE}’ since [j.c is
lower semicontinuous and bounded from below. Hence, if f is bounded and continuous

and f < I,c,itis

/Sfd,u = hm fd,un < lim sup IK§ dp, < (o)

n—s4o00
since j,, € N, so that

p(KS) < 6(0),
i.e. u € N,. Therefore, Np is closed and, since it is tight, it is compact too by Theorem
A.1l. As M; € Np and Np is convex, applying Theorem 1 in Kemperman (1983) with
My = Np, we obtain that (B.1) is a necessary and sufficient condition for M; to be

nonempty.
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STEP 4. (3.3) yields (B.1), concluding our proof.
Introducing the notation n = (91...,m,)"s hs = (hi(s),...,ha(s)), (3.3) can be
rewritten as

RB>0,3>0=n>0,3>0

where ' denotes the transpose of the vector y. By Farkas’ lemma (see Goberna and
Lépez, 1998, p. 71) this is true if, and only if, 7 belongs to the closure of the convex cone
generated by {hs, s € S} and the canonical basis in IR". It is easy to show (see Goberna
and Lépez, 1998, Exercise 3.5(iii), p. 76) that n belongs to the closure of this cone if,
and only if, there exists a vector v € IR" such that for any ¢ > 0 there exist constants

ps >0 (all but finitely many, say k, equal to 0) and a vector A. € R such that
Ae+ > pshs =n+ ev. (B.2)
Multiplying (5.) by # € R, we obtain
D uhB < AP+ pihlB =B +eVp, (B.3)

and the left hand-side can be written as [g b’ G- (ds), where fi. is the measure on S with
masses [ , . .., [, at some points sy, ..., s in S, respectively. If fi. € Np, then by (B.3)

we have

inf / h.pu(ds) <n'B+ev'B—n'Base—0,
weND Js
i.e. condition (B.1) holds, so that M; # 0.

It remains to show that i, € Np. It is sufficient to consider € < 1.

By H3 e (B.3) it is

1:(8) =3 s < STWERB </ B+e/B < B+ VP

23



Redefining D = max{D, /3 + v/}, it is fi. € Mp. Multiplying (B.2) by 47, by H2 and
H4 we have
W07+ eV BT 2 5 ph BT = Sier, MPBT + Cgre, HBT 2 Ter, ST + 5 Sagic, 15

> sk, HCmin(X; 07) + = Csgr, e > BCrin Yser, s + 2e(KY)

> BCinfie(S) + Je(KS) 2 BCoinD + 2fic(K7).
Hence,
fie(K5) < o7 +ev'37 — BCinD) < 0 32;(n; 4 €v3) 387 — 0 BCypin D

< 0(Vmaz + Nmaz) B — 0 BCryin D < 0 B(max{0, Nmaz + Vimaz — CinD} = 6*(0).

Redefining (o) as max{d(c),d*(0)} we have that g. € N, for all ¢ > 0 and, hence,

He € ND-
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