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W35 a. integrazione

W35a.01 schemi di integrazione

In questa sessione, salvo segnalazione contraria, assumiamo:
a,b,c,a,f €RnpeR\{-1} f(z),g(x) € FunRtR.

4 _ n+1 M —
[ b@rd@ = et e [ 28w
/dx sin[g(z)] ¢'(z) = —cos[g(x)] , /dx cos[g(x)] ¢'(x) = sin[g(z)]
! ! = tan|g(z x 1 () = cot|g(x
/dx cos? [g(x)]g(x) = tan[g(x)] +C ) /d i [g(x)]g( ) tlg(z)] +C
a9(@)
/dxag(x)-g’(x) ~ Tna

W35a.02 regole di integrazione

[ s fas@ +s9@) = o [ do @)+ 5 [ doglo

/acdxf(x) = /abdxf(x)—i-/bcdxf(x)
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W35 b. antiderivate di integrandi algebrici

W35b.01 antiderivate di integrandi con ¢z + b

/dxa = ax+C con a€R

J)(‘H_l
/dx % = +C con aeR\{-1}

a+1
1 1 1
- = . S
/dxw nlz|+C /da:xn (n—l)x"*l—i—c
1
/dxbm = mb%rc con be(0,1)U(1,+0) in partic. /dx e” = e+ ¢C
(az + b)"tt
n
= — 1
/dx(ax—i—b) et D) con n#

/ de 11n|aw-i—b| / de = ! con n#l
ar+b  a ’ (az+b"  n(n—1)(az+ bt

n+2 n+1
/dxx(aac—!—b)" _ 1 ((az+b) _blaz +0) > con n# 1,2

a? n+2 n+1
b
/dl” _ E—‘-—1n\a;1:—|—b|
ax+b a a?
do—2% -1 B .
/ Tlaz+br T a ((n—l)(ax+b)"—1 (n—2)(ax—|—b)”—2) con. n 7
z? z bzx 2
/dxaaH—b %+§+f31n|am+b|
/dx a" a2t ba"T! b2 2
ar+b  na (n—1)a® (n—2)ad
n—1 4. p=1 4
+(_1)n_1 po + ( 1)n_17nln|ax+b‘ per n=3,4,5,...
x b 1
d = ] b
/ x(ax+b)2 a2(a1‘+b)+a2 nlaz+b|
1 [((az+b)"3  2b(az+b)"2  b*(ax+b)"T?
dz z? b = = —~ ~1,-2,-3
/ r 2" (ax +b) a3< nr3 ) m—— con n#—1,-2,
x? 1 b2 20 1
T T @ - 1,2,3
/ z(a:(;—i—b)n a3 <(n_1)<ax+b)n—l (n—2)(ax+b)n—2+(n—3)(am+b)n—3> con n#1,2,
x? 1 ((ax+0b)? )
[ = (e e n 1 e i)
22 1 b2
dz —— = — b—2b1 bl —
/ “larto2 T &3 (‘“H nlaz + bl ax+b)
x? 1 20 b2
de —2 = — (1 b _
/ x(a$+b)3 a3 <n|am+ |+ax—|—b 2(ax+b)2>
/ dx 1 ax+b
— = -In
z(ax +b) b x
dz 1 a ar+b
- 0 = 71
/xQ(avab) be 2" ‘
/ dx B 2ax—b_a721n ax+b
w3 (ax+b) 20222 B3 T
3
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/ de 1 n a _ a? n
" (ax+b)  (n—1)bz" 1 (n—2)b2z"2 (n—3)b3zn3
n—2 n—1 b
+ (=1t b(’zl_l ~+ (-1 abn In| %2 F ‘ per n=4,56,...

T

/ dx B 1 7i1n ar+0b
r(ar+b)2  blax+b) b2

/ de = ! +1/7x er n#l
r(az+b)"  bn—1)(ax+b"t b ) x(ax+b)r] P

/ dz _ 2ax+0b +2—aln axr+b
22 (ax+0)2  bBzx(ax+b) b
W35b.02 antiderivate di integrandi con vaz + b

2 3/2
/dx var+b = %

3/2
/dx rVaxr+b = %(3@:}:—2@
a

) b3/2
/dx *Var+b = M(15a2x2712abx+8b2)

105 a2
2
/dx " Vaxr+b = a@ni3) (x"(ax+b)3/2—bn/dx x"‘lx/aa:—&-b)

vaxr+b /
— = 2V +b+0 V. 1
/ @t zvax+b

e N

/ _ 2Vax+b

Var+b a

/dx x _ 2b\/ax—|—b+2(ax—|—b)3/2
axr -+

a? 3a?

/dx B 2b2\/ax+b_4b(ax—|—b)3/2+2(ax—|—b)5/2
var+b - a3 3a3 5a3
" 2 " e 1
d = Vaz+b—b
/ x\/a:rer a(2n+1) <x “r " \/ax+ )

liﬁlg sse b >0

x
O
zvazr+b \/%arctan\/@ sse b <0

dz Var+b—+vb (2n-3)a dz . Z 1
- _ - ron#—
" vVazx +b Var+b++vb (2n—2)b 2" vaxr+b P

dx 2
/m = a (\/CLII]+b*Cln ch\/aerbD

Vazr+b 2 )
/d ctvazib a (az+b-2cvaz+b+2¢ m|e+ Vaw+1|)

dy ——
/ c++vaxr—+b a?
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dx 2
= fln’c—i—\/ax—i—b‘
Vaz+0b (c+Vaz +b) a
/ dz B lln Vvax+b
(az+b) (c+Vaz+b) ~ac |e+Var+b

dz 2
| e = e ta e

/dx Vaz +b 5 = QW— 2¢2 —gln‘CnL\/M‘
(c+vaz+0) a a(c++var+b) a
/dx—a7 5 = 1 <—4cm+ax+2c(62b> +2(3¢% —b) In c—|—m‘>
(c—i-\/m) a? c++Vazx+b
dx B 2
\/aa:+b(c+\/ax+b)2 B _a(c+\/ax+b)
dx 1 2c¢ Var+b
/(ax+b)(c+\/m)2 T ac? (wm”ln W)

W35b.03 antiderivate di integrandi con ax +be cx +d

Consideriamo i reali a, b, ¢ e d, poniamo k := ad — bc¢ e supponiamo che tale numero sia diverso da 0;
consideriamo inoltre m =2,3,...edn=1,2,3

/ dx B
(z+b)"(cx+dm
1 1 dx
Km —1) [(ax+b)"1(cx+d)m1 +a<m+”_2>/ (:erb)”(c:rer)ml}

/ dz 1 N ar+b
(ax+b)(cx+d)  k cr+d
T 1 /b d
/d:z: (ax +b) (cx+d) = 7% ( 1n|ax+b|1ncx+d|)
/ dz 1 1 +c ax+b
= 57|\ — In
ax+ cx + ax+ cx +
( b)* ( d) k bk d
/dx il _ b +i 0 ax+b
(ax+b)2(cx+d)  ak(az+b) k2 |cx+d
xz b2 1 b(k+ad) d
d = -tz |———=—h b —1 d
| S oD et (e nlas b+ Inles +d))

dx 1
-1 2 b+ -1 d
/m(ax+b)(cx+d) pa Ml = g nlaw+bl+ 7 njex +d]

/d d i LA WS S 1n| Fbl+ o ¢ nlex+d
. - _ - azx cx
2?2 (ax+b)?(cx+d) b2 d? k bdzx b

b k
/dxax+ = ﬂ——lnk}x—kd\
cr+d c c?
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/dx kil I ((”H)W +(mn2)a/dz(“’+b)">

(cx +d)™ kE(m—1) \(cx+d)m1 (cx+d)m—1
B 1 (az+0)" . - (ax +b)n~t
(m—n-1)c <(cx+d)7”—1 K /d (cx+d)m >

/dr ,/%Z = VaF Vet d+ (- d)in (Ve T d+ Vet d)

/dx “b—x = Vvb—zvVz+d+(b+d) arcsin\/d_kimC
d+z b+d

1 m‘\/m—m

se ¢c>0, k<0

/ dz _ vV—kc \/c(a z+b)+v—k
(cotd)vVatb \/% arctan C(x;'b) se ¢, k>0
W35b.04 antiderivate di integrandi con a2 22 + ¢2
Consideriamo a e ¢ i reali positivi.
dz 1 T
[ e = e mam T = A
dx 1 axr—c
= ln = B
/a2x2—c2 2ac ar+c !

/ dx x n 1 tan 2% A
= arctan — =:
(a? 22 + ¢2)? 2c2(a?2?2+ 2 2ac? ¢ 2

/ dz x 1 In |4%—¢ B
———s = — - n =
(a? 22 — ¢2)? 2¢%(a?2?2 —c? 4acd ar+c 2
dx x 2n—3
A, = = A,
/ (a2 22 4 c2)» 2(n — 1)c?(a? z2)n1 * 2(n —1)c? !

B / dz B x _ 2n-3 B
" (@222 — &) 2n—1)(a2z®)" 1 2(n—1)c2 "

2,2 4 2yl
/dx z(a?2> £ A" = @ a7+ )" per n#—1

2(n+1)a?
z 1 2,2, 2
4 me = g ket

d T 1 21
x = er n
(a? 2% + 2)» 2a%2(n—1) (a? 2?2 £ )71 P

dx 1 2
S
/x(a2x2:|:02) 22 "

x
a?x? 4+ c2

dx 1 a ; ax
—_—— = ——— — — arctan —
x? (a? 2% + ¢?) cx 3 c

dz 1 a axr—-c
5755 3 — @, Toal
z? (a? z? — ¢?) czx  2c ar +c

x? T c ax
dr ————5 = —; — —3 arctan —

a“x® +c a a c
d x? T n ¢y, lar—c

r———-——= = —+—1In|—
a?x? — c2 a?  2a3 ax +c
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" xn—l C2 xn—Q
/dgCanZ:I:c2 B ag(n—l):':ai/dgCaQ:E?:I:c2 per n 71

x? T 1
¢ T Ap 1
/ T (a? 22 + )" 2(n — 1) a2(a2 22 4 2)n—1 + 2(n—1)a2 " 1 per m#
z? T 1
¢ - B, 1
/ x (a? a2 — 2)» 2(n —1)a2(a? 22 — 02)”*1 + 2(n—1)a? 1 per m#

4 ™ C2 4 mm72
TS5 = —& T
(CL2 2+ c2 CL2 .132 + 62)" 1 :F (

a?x? £ )"

dz 1 dz
/ x (a? 22 £+ )" 2c2(n — 1)(a2 22+l 2 / (a? 22 £ 2)n—1 per n #

/ dx _ :I:i / dx aj / dx
22 (a2 22 £ )" - T2 22 (a2 22 £ ¢2)n—1 + (

c? a?x? + c2)n

/ dx - 1 / dx a? / dx
am (a2 2% £ 2)" T T2 2™ (a2 22 £ )1 + 2 22 (a2 22 & 2"

/ dz _ 1 P ertae? aq o ax
(px+q) (a® 22+ ¢?) a?@Z+c2p? \2  a?x?2+c2 2c c

/ & = ! P PEEO” | ady
(pr+q)(a* 2% — c?) a?q? —c2p? \ 2
° 1 g, (pr+q)?®  cp azr
d = 4y, prte” ep
/ x(P£E+Q)(112:172+c2) a2 2 + c2 p2 < 5 + - arctan —

axr —cC

27 Ja222 =2 " 2¢ ax+c

222 + 2
T _ 1 q (px +q)? cp ar —c
dz = —=In ——%"— — In
(pz +q) (a® 2% — c2) a?q? — 2 p? \a2x2702| 2a axr+c
22 1 cq ax
/ x(p:r+q)(a2x2+cz) 2t Ep? ( nlpw +al + g5 Ina®a 4 ) - TF arctan c)
2 2
@ 1 q c“p 5 9 o Cq. lax—c
d = L] _cry _ €,
/ x(prrq)(a?x?ch) a2 q? — 2 p? (p nlpz+q| 942 n‘am c\—|—2a naerc

W35b.05 antiderivate di integrandi con /a2 22 + ¢2
1 2
/ dz Va2z2+c?2 = ix\/a%c?:tcz:t 20— ln‘ax—i— \/a2x2:|:02‘
a

dx 1
v 2 a2 2 2
/ i aln‘aw—k a‘x :I:c’

x 1
- a2 2 2
/d:z: a2 a’z?+c

/ dx vataz? +c2+c

S N PPN e e

Va2 x? 4+ c2 c x

/ dz 1 . va?zz? + c? 1 c 50
— = ~ arctan —— = —arccos — se
zva?z? —c? c c c azx

1
/dx xvVa?r?2 £ = 3?(a2x2:tc2)3/2
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2 4
(1) dz 22 Va2z2 £ 2 = %(a2x2i02)3/2qﬁ2\/a2:172:|:027C— In
a

So2 g ‘aer a?x? £ 2
a a

/dxq/a2x2_~_02 B
xT

a? 22 + c?
T

/02 72 _ 2 252 _ 2

a*r® —c va*z? —c

/dmi = va?z?— % —carctan ———
x c

a?z24+c2—cln

dx va?z? £ c?
e f— :Fi
z2vVa? 2?2 £ 2 2

/dx _ 96”_1\/612:r2:t02:F(n—l)c2 xL per n—123
Va2 r? £ na? na? Va2 z? £ e

21 (a2 22 3/2
dra" Va2z2+c? = (an)iQC) :FE +2)C2 /dxx”_2\/a2m2:|:62 per n=1,2,3, ...
n a n a

VITETE (@23 (n—1)a? N
dz = F F de ————— per n=1,2,3,...
" (n=1)c2z" 1 (n—1)c? an—2
dz (a222+£c?)  (n—2)a® dz o 193
= n = aes
oVEEre T w-Dee 1 -ne | pryeete P 23,
dx 1 [xz+b
—————— = ——/—— per b<O0 A D>0
/(x—b) x? — b2 bVae—b P
d 1 dt
/ > = Lt:: ,\I = —sign(b) per beR
(x —b)\/pz®+q r—b V(pb2 +q)t2 +2pbt+p
dz 1 / = 1
= |t:= = —sign(b er beR
/(w—b)"\/pw2+q L I—b”J ¢ Jor TR+ 2pbttp

2.2, 232 _ T 72 3/2 4 3
dz (a® z* £ ¢°) = 4( + ¢?)

3¢t
—Va x2:|:02+— In ‘am+\/a2x2:|:02’

1
2.2, 2\3/2 _ 2.2 5/2
/dxw(ax:l:c)/ = 5a2(ax:|:c)/
3

/dx 22 (a® 2%+ 2)P? = %( 22+ 232+ dz 2 v/a2? 22 £ 2

1 2
/ dr 23 (a® 2% £ 62)3/2 = = (a® 2 & 02)7/2 F 56—4 (a® 2 + 02)5/2
a a

3/2 1 2,2 1L 2

/dx ot +C> = 3(a2x2+c)3/2+c2\/a2x2+c2—c31n chvaramte

— 2)3/2 1 . /a2 72 _ 2

/dm St C) g(a2x2702)3/27c2 a2z% — 2 4+ ¢ arctan Yo L ¢
c

dz T
= &+
/ (a® 22 £ c2)3/2 N )

x 1
de ————"vor = ——n———
/ x (a2 22 £ 2)3/2 a2 Va2 22 + 2

X

$2 1
= - — 2 2 2
| @ T — Tt e+ VR £

23 2 1
- - 0 = - . 2 2 2
/d”” @RLEPE ~ TayEoEa avVerEe
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B 1 1 a? x? + 2

= — — In
/ x (a2 x2 +c2)3/2 Va2 + 2 A3

1 1 va?x? —c?

— — — arctan —

/x a2m2—02)3/2 2vVaZzz+e2 3 c

/ dz B 1 [ Va?z?2+c? n ax
T va?x? £ c?

22 (a2 22 £ ¢2)3/2 e
/ dx 1 1 " 3a n 3a? 1 Va2z2 £ 2 —¢
= —— — In |——M
x3 (a? 22 + ¢2)3/2 2¢2 \22Va2a2+ 2 AVa2a?+c2 A T
/ dz 1 1 3a? 3a? ; va?x? —c?
= — — —— arctan ———
3 (a2 T2 — C2)3/2 22 22212 — 2 2+v/a2x? — 2 3 c

)

W35b.06 antiderivate di integrandi con ¢ — a 22 per a,c > 0
dx 1 ct+azx
= 1 = C
/62—a2x2 2ac nc—ax !
/ dx _ T n 1 ctax| C
(2 —a2x2)2  2c2(c2 —a222)  4acd c—azx| =
dz T 2n —3
1 = Cho1 =: C
(1) / (2 —a?az?)" 2(n—1)c%(c? — a2 z2)n1 + 2(n —1)c2 " ! "
2 2, 2\n+1
/dx z(c? —a*2H)" = —w per n# —1
L 1 2 )
/d.rm = _ﬁ hl‘C —a T ‘
T 1
d = — -1
/ v (2 —a?a?)n 2a?(n—1)(c? — a2 2?)n1 per. n 7
/ dx x?
= ——1In
x(c? — a? x?) 2¢? 2 —a?x?
dx 1 a ct+azx
2 - _
@) /x2(027a2z2) 02x+2c3 c—ax
x? x c c+ax
d — .
/ T 22 a2+2a3 c—ax
" n—1 c2 xn72
d — [ d
/ xc2—a2x2 a2(n—1)+ 2/ T2 a2 g2
x 1
d = — Cpo
/ v a2x2) n—l)a2(2—a2x2) -1 2(n—1)a2 "'
C2 zm72
/ do —a2 22 /dx a2 $2)n T / dz (@ —a2a?)n
1 dx
= 1
/ x(c2—a2x2) 2(n —1)c? (62—a2x2) 1t 2 c? / x? (c? —a?a?)n1 per n 7
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/ dz B l/ dz +a2/ da
2 (02 — a2 $2)n T2 2 (02 — a2 x2)n—1

2 (2 = a2 22)"

/ 1 / dzx L@ / da
_ a2 x2) T2 m (02 — a2 x2)n71 -

c2 xm 2 (02 _ a2 m?)n

(pz+q)( Cz_azfz) 2p2 —a2q? \2

|2 —a22?| * 2¢
T
d
/xp:v+q —a?a?)

c—ax
ct+ax

1 g, (pr+q? cp, |c—azx
- oy, T4 Py,
2 p?—a?q? 2 |2—a?2? 2a ctax
dx =
/ pJ;—|—q —a?2?)
1 9 9 cq c—ax
02p2—a2q2< 1H|p.’L’+q| a ln’c —a X +%1n C-i—am

2
x c . ax
dz V2 —a?2?2 = = \/c2 —a? 2?2+ — arcsin —
2 2a c

a3

1 . azx
———— = — arcsin —
V2 —a?x? a c
T 1
/dm = 5 V2 —a?a?
2 _ a2 22 a
dz 1 V2 —a?a?+c
= ——1In
xVe? —a?x? c x
1
/dxx 2 —a?2? = —3—2(02—a x%)3/2
a
2 4
T A ¢ . azx
dz 2® V2 —a?2? = —— (¢ —d’x )3/2%—72 c? —a?2? + — arcsin —
4a 8a 3 c

2 — 522 Je2 — 22
c a®x c a“x® +c
de —MM— = /2 —a222 —cln |—mMm———
x x

dz B 2 —a?ax?
222 —a2x2 2
n—1/.2 _ 3/2 1) 2
/dx " v/ 2 — a2 2 i Gt ;E) (n )62 /dx 2" 2\/¢2 —a222 per n>0
(n+2)a (n+2)a

per n>1

/d V2 —a? 2? (2 — a? x?)3/? ( —4)a? /d Ve —a?a? —a2x2
x = —

" (n—1)c? m”_l (n—1)c?

dz 2 —a?x? (n—2)a? / dz
S5 5 + per n>1
"/ c? — a? z? (n—=1)c2zm1  (n—1)c? =22 — a2 22

T
t2+2pbt+p

dz .
/(x—b)w o= m*bJ B _Slgn(x_b)/\/pb“rq)

dx _ l 1 | _ by =t
o > = \\t'_i_br\ = —sign(z — > 5
(—b)"pa?+q x \/pb T2 +2pbt+p
4
/dx(czfazzz):;/2 = %(027a2x2)3/2+3ch 027a212+?é—caarcsin%
1
/dx z(? —a?2?)?? = a2 (? — a? 2%)5/?
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1
/dx 23 (2 —a22?)3? = ﬁ(CQ_a 22)7/% W(CQ—G 22)5/2
a a

2 3/2 2 2.2
cc—a‘x 1 c+ Vet —a*x
dxg = —(P—a?®)P P+ VR —a222 - In
T 3 x
/ dx T
(02 — a2 1’2)3/2 22 — a2 x2
1
/dx 2 _ 22232
—a?x?) 22 — a2 a2
q x 1 . azr
x = — — arcsin —
a2 3:2)3/2 a2V —a2r2 a3 c
2
23 c 1
dz = + = /2 — a2 22
/ (2 — a2 x2)3/2 atve? —a2z2 ot
x 1 1 V2 —a?z2—c¢
2 2..2\3/2 + 5
x (2 — a2 x2)3/ Ve —a?x? ¢ x

dz 1 c? — a2 22 a?zx
22 (2 — a2 32)3/2 oA x 2 _ g2 22

/ dzx 1 1 3a 3a21 V2 —a?zx?—c
p— —_—— —_— e —— n -
3 (c? — a? x?)3/2 2¢2 \22v/c2 —a%2? 2V —aZa? 3

xT

)

W35b.07 antiderivate di integrandi con az?+bx + ¢

2a
e che questa espressione, posto t := x + %, assume la forma at? + b esaminata in 777

2
Poniamo k := 4ac — b?; osserviamo anche che si puo scrivere az?+bz+c¢ = a (x + ) +c——
a

_1 Zartb-v_k| oo dge < b2

/ da vV—k 2ax+b+v/—k

— 2 2ax+b 2
el b to \/Eazrctan T ssedac>b

_2ax+b

x 1 b dz
dr—2 = = |2az®+b L B
/ xaxZ—i—bx—&—c 2a n| ars x+c| 2a/am2+bx+c

/ dx B 2ax+0 +27a/ dx
(ax2+bx+c)2  k(az2+bz+c) k ax?+bx+c

sse dac = b?

/ br+2c b/

dg ———mm—— = - —

am2+bx+c) Ck(ax?+br+e¢) k) ax —l—bx—i—c

/ S
xax2+bx+c) T 2¢ Maz?tbrte| 2¢ ax2+bx+c
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1 n b2 a / dzx
cr 2¢2 ¢ ax?+bxr+c
ﬁln‘Zax—l—b—i—Z\/an—&—bx—i—c’ sse a >0
/\/ax2+bx+c N \/%—aarcsin _2\/“7'—’”]:” ssea <0
/d T vazr?+bx+c /
X = - I
Vax?+bx+c a 2a Vax?+bx+c
x? zvVazxr?+br+c

. _7/dx+_i/d—l‘
vax?+bx+c 2a 4a vax?+bx+c 2a vax?+bx+c

ax?+bx+c
22

/ dx b !
= —In
22 (ax? +bx + ¢) 2¢?

1 Vax?+bztctq/c
7z ln’—m +72\/E‘ ssec>0
— 1 : bx+2c
= —— arcsin &E=< sse c <0
/m\/amz—i—bx—i—c voe TV —k
V _
_2 azb;rbx+c sse c =0

dz  Vaz?+br+c /
2 Va2 1 ba to cx 2¢ ) Vazx?+br+c

/ dx B It'_ 1 |
@—drvartbote M T roar

= —sign(x —

tn—l

\/ad2+bd+c) +(2ad+b)t+a

2
/dx Vazx?+br+c = % ax?+br+c
a

50 | e
ar?+bxr+c

2 b 3/2 b
dz zvVaz?2+br+c = (az” +bz+c) dz Vaz2+bx+c

3a " 2a
b +b B2 5b? -4
dz 2?2 Vaa? +bx+c = x75— (az” + bz +c) +5 ac/dx vax?+br+c
6a da 16 a2

(az?+bx+¢)32  kvar?tbztec

/ dz 22ax+10)

/ dz B 2ax+0b) 22n—1) / dz
(az2 +bx+c)"t  kn(az?2+bx+c)” kn (az?+bx+c)”

/d x bx+2c 2(2n—1)b/ dx
X = — —
(az? +bx+ )"+l kn(ax?+bx+c)” kn (az? +bx+c)"
a:m—l nfm)b ™ 1
2 T a@n—-m—1)(az2¥bztc)" I (2n—-m—-1)a f da (a;r2+b3:+c)"
_ m—1) ¢ M2
| & e - et [ gy e mA2n -1
™ 2 ™ 1 ™ 2
f da (at2+bT+c)" T f da (ax2¥bxtc)™ f dz (ar2+bT+()"
/ dzx B 1
™ (az2 +br+c)  (m—1)cam!(az2+bx +c)n!

12

_(n+m—2)b/ dz _(2n+m—3)a/ dz
(m—1)c " 1 (ax?2+bx +c)” (m—1)c xm—2 (al‘2 +bx+c)

dx 1
/m(aaﬂ—i—bx—i—c)"  2c(n—1)(ax2+bx+c) 1720/ aw2+bx+c)
L1
e

/ ax2+bx+c)
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2ax+0b) (ax®+bx+c)" nk _
d 2 b no= ( — /d 2 b n—1
/ zlaz”+bz+c) 2(2n+1)a 22n+1)a z(ez”+brtc)
2 n+1
9 n _ (az®+bx+0) b / 9 n
/dx z(az+br+o)" = S+ 1)a %a dz(az” +bz+c)

W35b.08 antiderivate di integrandi con 2% + a3

Presentiamo solo formule riguardanti 23 4 a2, ma osserviamo che le corrispondenti formule riguardanti

23 — a® si ottengono dalle seguenti cambiando @ in —a.

1 1 2 27 —
/dix = ( lnw—kx/garctan x a) = I;

3 + as 3a2 \2 22 —ax+a? a3
dx T 2 dz
- = - + — — = ... I
(z® + a3)2 3% +dd)  3ad) 28 +dd
dz 1 /1 (x4 a)? 2z —a
L (Y Bar — I
/z3+a3 3a (2 nxQ_a$+a2+\farcan a3 ’
x2 1 3 3
/dxm = 3 k4l
/ dz 1 | 23
S S S (PO R
x(x3 + a3) 3a3 3 + a3
dz 1 1 x
SN . Y . P A
/x2($3+a3) a®x a3/ BT 3
dz 1 1 x
= de — = ... I
/xQ(as3+a3) a*x  a? / xm?’—i—a?’ 3
W35b.09 antiderivate di integrandi con z* & a*

rt+at 2243

/ dz 1 1 22 +vV2azx + a? V2azx
— In +arctan —— +
2 22—-V2azx+a? a? — x2?

/ dx 1 11 T—a ¢ T
— — = — (=In — arctan —
x4 — qt 2a3 \ 2 r+a a

/d T 1 ¢ z?

r ———— = —— arctan —

x4 4+ at 2a? a?

T 1 x? — a?

de —— = — In|———

/ zd — gt 4q? x2+a2‘

/d 2 1 11 xz—\/iax—l—a2+ i V2azx n
T = —In——— +arctan — +7
2t +at 2v2a \ 2 22+ V2az + a2 a? — 22
22 1 1
dg —— = — [ =1
/ T 2a <2 "

3 1 4 4

T —

r+a a

a x
-+ arctan >

2024-10-08 W35 prontuario: integrali 13
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W35b.10 antiderivate di integrandi con a 2" + b

/7(13; _ 1 In

z(azm+b)  bn
I N V)
n\/Eln’\/EJr\/E sse b >0

dx
/x\/ax”—i-b B 2 arctan , /-5 sse b <0

x'ﬂ

u

n+v—b
Introduciamo u :=az™ + b e consideriamo i parametri m,n,p € R .

1
/dx 2™(az" + )P = ——— (xm+1up+npb/dx xmupl)

m+np+1
1

- <—zm“u”+1+(m+np+n+1) /dx xmup“)

bn(p+1)
1

- - (xm_"+1 uPtt — (m—n+1)b / dox ™" up>

a(lm+np+1)
1

R (mm+1up+1—(m—np+n+1)b/dx M P

b(m+1)

14 W35 prontuario: integrali
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W35 c. antiderivate di integrandi trascendenti

Le formule che seguono possono essere utilizzate anche per integrandi contenenti richiami a tangenti
cotangenti, secanti e cosecanti, pur di tenere conto che

sin x Ccos T 1 1
tan x = cotx = — , secr = , csC x = —
CcOoSs T sin x cos T sin x

Nelle espressioni delle antiderivate le costanti additive arbitrarie come C e C; sono indicate solo in
presenza di risultati formalmente diversi.

W35¢.01 antiderivate di integrandi con seno e/o coseno
. . 1
dz sinxz = —cosz , dz sinaxr = —— cosazx ,
a
. 1 .
dr cosx = sinz dx cosaxr = —sinax
a
T bln Qam T sin2ax
dz sin® az = dz cos® ax = + —
2 2 da
1 . 1. 1
dr sin®ax = —= cosazr+ — cos 3ax dz cos® ax = —sinax— — sin 3ax
a 3a a 3a
.4 3x sin2ax sindax 4 3z sin2ax sindax
dz sin® ax —_— = + , dz cos® ax + +
8 da 32a 8 4da 32a
. 1 n—1 e
dz sin"azx = —— sin" 'axcosazr + —— dz sin" % ax
na n
1 . _ n—1 _
dz cos” ax = — sinaz cos" Y ax+ dz cos" % ax
na n
cos" ! ax
. — = ssen # —1
/dx sin az cos™ ax = 1“("“) 7
—=In|cos,ax| ssen=-1
son+41
S1n a T
. —sn___a% ssen # —1
/dm sin” ax cos ax = 1a(n+1? 7
—= In|sin ax| sse n=-1
som1 n—1
. sin x cos T n—1 . _
dz sin™ z cos" z = + dz sin™ z cos" 2 x
m-+n m-+n
sin™ !z cos™t! 5
= — —|— dz sin™ “ z cos" x
m+n m+n
. 1, .
dz z sinax = (sm ax —ax cos a:c)
a2
1 .
dz z cos ax = 2(cosax+axsmax)
a
2 - 1 . 2 2
rax-sinar = — (2cosax axr sin ax —a”xr* cos ax
d ~ 3 2 _|_2 o ~
a
/dsc 22 cos ax = —3(—251n az+2az cos azr + a’ x> smax)
a
n o 1 n n n—1
dr 2" sinax = —— 2" cosax + — dx cos ax
a a
1 . n 1 .
/dx " cosar = ——x" sinax — — dz 2" 'sinazx
a a

W35 prontuario: integrali 15
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d . 9 x?2  xsin2ax cos2azx
sin = — — —
TS At =y ia 8a?
q 9 x2+xsin2ax+c052ax
x xcosar = —
4 da 8 a?
/ dr sin mx sinnx = sm(m )@ — sin(m + n)z per m? #n?
2(m ) 2(m+n)
/ dzr sin mx cosnx = _cos(m n)z — cos(m + n)a per m? #n?
2(m —n) 2(m+n)
/ dx cosmz cos nx = sin(m — n)z + sin(m + n)z per m? #n?
2(m —n) 2(m +n)
W35c.02 antiderivate di integrandi con (co)tangente e (co)secante

1 1
dz tanaxz = — Injcosaz|+C = = In|secaz|+Cy
a a

dz 1 . 1
dz cotax = = —Iln|sinazlz+C = = Injcsc ax|+ Cy
tan ax a a

1
/dx tan? az = = tanaz —2z
a

1 1
/dx tan® ax = %a tan? aa;—l—f In |cos a x|
a

1
/dx tan” az = ———— tan™ ! ax—/dx tan™~
(n—1)a

tan”™ ax
/dx tan™ ax sec’axr = /dx = tan" ™ ax per n# -1
cos? ax (n—|— Da

1
/dz cot?axr = —= cotax —x
a

1 1
/dx cot? ax = — cot? ax — — In |sin a x|
2a a

1
/dx cot" ax = —ﬁ cot™ 1 ax—/dx cot" 2 azx
n—1)a

cot™ ax 1
/dx cot" ax csc Zax = /dx —5 = cot"™ az per n# -1
sin® ax (n+1)a

sec2azx 1
dx —————— = — In[tan az|
tan ax cos® ax tan ax a

csc?ax 1
/dg; / = —— In|cot azx|
cot ax sin® az cot azx a

9 T 1 z?
dz z tan® ax = = tan ax + — In|cos azx| — —
a a? 2

9 T 1 . x?
dz x cot® ar = —— cot ax + — In|sin az| - —-
a a 2

1
/b+Ctanz T g 2<bx+01n|b005$+csinx|>

/ dz = ! arcsin \/Esinx er b>0, b > 2
Vb + ¢ tan® x vVb—c¢ b P ’
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dz 9 1
— = dr csc“ax = —— cotax
sin® ax a
d 1
/2733 = /da: seclar = = tanax
cos? ax a
dx 1 ar
dz secazxr = = - ln’tan (——l-f)’
cos ax 2 4
dx azx
dr csc ax = - = - ln'tan —’
sin ax 2

/dx secx = In|secx + tan x| /d;z: cse x

In |csc x| — cot x|

sin ax 1 1
dz secaztan ax = dr ——— = —secax = ————
cos? azx a acosazx
cos azx 1 1
dx csc ax cot ax = me = ——c¢cSC L = ———
sin® ax a asin ax
/ dx cos ax . n—2 / dx
sin” azx a(n—1) sin” tazx n-1 sin” 2 qz
dz sin a x n—2 dz
cos™ ax an—1)cos"taxr n—-1J) cos"2ax
dx
——————— = — In|tan ax|
sin ax cos ax
dx 1 1 azr
R S = - + ln tan —
sin ax cos? ax a \cosazx 2
dx 1 1 ar
— = — | —= +Injtan (| — + —
sin“ ax cos axT a sin ax 2 4
/ dx 1 m+n—2 / dx
sin™ x cos™ x (m—1) sin™ ! z cosm—1 g m—1 sin™? z cos" x
1 m+n—2 dx
(m —1) sin™™ ! 2 cosm—1 g n—1 sin™ x cos" 2 x
s M com+1 sm
sin™ x sin T m-+n—2 sin™ x
dz = il de ———
cos™ x (n—1) cos™ 1 x n—1 cos" 2 ¢
sin™ ! g m—1 d sin”™ 2 g
= — T
(m—mn)cos"lax m-—n cos™ x
/ q cos™ x cos" 1 x m+n—2 / q cos™ x
. = - . — - x . —
sin” x (m—1) sin™ !z m—1 sin” " ?
cos™ 1 ¢ n—1 cos" 2 g
= om—1 - N
(m —n) sin Tz n—-m sin™ x
x x 1
dr —— = —— cot ax—i— 5 In[sin a x|
sin“ aw a
T 1
dz ——— = — tanax + — Infcos az|
cos? ax a

T ax
/1+s1naz - _Etan(Z_T
T ax
/1—smax - *tan(ZJF?)
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/ dx 1 azr
— = — tan —
l+cosax a 2

dx 1 ; azr

" = 2 ot ==

1—cosax a 2
/ da { a\/% arctan % sse b2 > 2
b+csinar 1 b tan(a x/2)+c—+vc2—b? 2 2
* a~/c2—b2 ! b tan(a x/2)+c+/c2—b2 sse 0% <c

/ de —llntang‘—g/i
sinz(b+csinz) b 21 b ) b4csinax

/d—x = In|tan = —tan<§—1>
sin (1 + sin z) 2 2 4
/d—x — In|tan = +tan(§+z)
sin z (1 —sin z) 2 2 4
[ i 2 (24 )
sin z (1 —sin x) 2 2 4

/ dz _ € cos n b dx
(b+csinz)2  (B2—c2)(b+csinz) b2 —c2 b+ csinx

/dx sin x B b cos x L c / dz
(b+csinz)2 (B2 —c2)(b+csinz) 2 — b2 b+ csin x

/ dx cos x B 1
(b+csinz)2  c(b+csin )
/ dz { —— arctan % sse b2 > c?
= 1 (c=b) tan(a z/2)++c2—b? 2 2
btccosaz a~/c2—b2 In (c—=b) tan(aw/2)— c2—b2 sse b” <c
/ dx
= ln ‘tan(
Cos T b—|—cc05a:) b—|—cslnax

/ =1 ‘t (erﬂ—)‘ t
= In|tan ™)~ tan £
cos 1—|—cosx) 2 4 2

/ =1 ’ta (x + ﬂ)‘ cot =
nitan (= + — || — =
cos z (1 — cos x) 2 4 2

/ _ csin x b / dz
b+ccos:r)2 (2 —-b)(b+ccosx) 2—b2 b+ ccos x

/d cos _ bsin x ¢ / dz
(b+ccosz)2  (B2—c2)(b+ccosz) b2—c? b+ csin z

/ d sin x 1
X =
(b+ ¢ cos x)? ¢(b+ ¢ cos x)
Dati b e c reali nonnulli, introduciamo r := Vb2 +¢? e ¢ := arctan 2

d 1
/—a: = ln‘tanx;¢‘ per ¢>0
r

bcosz+csinx

/ dx _lt'—ﬂﬁ-l-(bj_/ dT
a+bcoszr+esinze N N a+rsint

i 1
/dxﬂ = —— In|b+ccosaz]
b+ ccosz ac
1
/dxM = —— In|b+csin az|
b+ csinx ac

18 W35 prontuario: integrali 2024-10-08
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dx _/ dx
asin?a+b (a+b) sin? 2+ b cos? x

dz _/ dz
acos2a+b (a+b) cos? x4 b sin® x

/
/
[
/

a? cos? z + b2 sin?

dz 1 btan x + a

a2 cos2 x — b2 sin?>  2ab btanz —a
/dxisinx = I t:=cos x | = —/7dT
acos2x+b N N at?+b

CcoS X dT
dp ——— = t = si — [
/ xasin2x—|—b L‘ S "| /at2+b

Da alcune delle presenti formule che riguardano sin? z si possono ricavare corrispondenti formule

utilizzando la cos? z = 1 —sin z .

Consideriamo il parametro a € Ry

. . _cos . a cos x
/dx sinzVasin?z+b = Vasin®z+b —|—b— arcsmfi

\[ va+b
—-b
/dx sinzVb—asin®z = fCO;x\/bfasiHQ:er\/a 111’\/5008er\/bfasin2 x‘

sm T 1 . a cos T
arcsin va

\/asm z+b _% va+b

o sme —ln‘\/&cosx—i—\/b—asinzx‘
\/b—asm x va

b
/dm cos zVasin? z+b sin 2 asin2z+b+ﬁln‘\/asinx+\/asin2x+b‘
a

3] b
/dx cos zVb—asin®z = mgx b—asin2x+2\/aarcsin<,/2sinx)

1
N —ln‘\/asinx+\/asin21+b’
\/asm T+0b Va

_cosx 1 . ( la . >
— arcsin — sin x
\/ b—asin® x \/E b

W35c¢.03 antiderivate di integrandi con trigonometriche inverse
Ricordi h / d ! t / d ! i
icordiamo che: x = arctan z r——— = arcsinzr
1+ a2 V1— 22
1
/da: arcsin ax = x arcsin ax + — /1 — a? 22
a

/ dz (arcsin az)? = x (arcsin az)? — 22 —|— \/ 1—a?2? arcsin ax

. 1 . .
/dx z arcsin az = — (2a2x2 arcsin ax — arcsin ax + a x 1—a2x2>
a

2024-10-08 W35 prontuario: integrali 19
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1
/dx 2% arcsin ax = 93 (3a3x3 arcsin az + (a* 22 + 2) \/1—a2x2)
a
1++v1—a?2?

arcsin a x 1 .
dx72 = —— arcsinaxr —aln
T T ax

1
/ dz arccosax = zarccosax — — /1 — a?x?
a
2
/ dz (arccosax)? = x (arccosaz)? — 2z — = /1 — a2 22 arccos a x
a

1
/dx Tarccosar = o (2a2x2arccosa,x—arccosax—aa: 1—a2x2)
a

1
/dx z?arccosar = e (3a3x3arccosa:c—(a2x2+2) \/1—a2x2)
a
1+vV1—a?2?

arccos a x 1
dx72 = ——arccosaz +aln
T T azr

[\

1
/ dz arctan az = — (2axz arctan az — In(1 + a*z%))
a

l\')‘_l

/dac arccotar = (2axarccotaw+ln(l+a2x2))
a

1

/ dz x arctan ax = 3.3 (1 +a*2?) arctan az — ax)
a

2

1

/ dx x° arctan ax = 6ad (2 a®x® arctan ax — a® 2% + In(1 + a® a:Q))
a

x

arctan a 1 a 1+ a?2?
dx72 = —— arctanaxz — — lnﬁ
x T 2 a‘x

L S22
dx arcsecaxr = warcsecar — — In|jax +vVa*xz? -1

a

1 S22
dx arccscax = xarccscax + — Inlax + Va?z? —1

a

CC2

1 2 .2
dx xrarcsecaxr = — arcsecar — ~— Vatz? —1
2 2a
2

x 1
dz rarcecscax = —arccsca:r—i——zx/a?ﬁ—l
2 2a

W35c.04 antiderivate di integrandi con esponenziali
1 xr
/dxe‘”’:fe‘” , /dxnx:/dxexln": n
a In b
dr xe®” = ﬁ(aaz—l) de 2%e%® = ﬁ(a2x2—2ax+2)
a? ’ a3
(1) /dz " et =
% ((ax)” —n(az)" ' +nn-1)(ax)" % -+ (71)”71!) con nepP
dx 1
= —1 azx )
/b—ﬁ—ce” ab(ax nlb+ce®”
/dxm = R ln ‘b“!_ce |
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/diw S SR S ST
(b+cer®)2 b2 ab(b+ce®) ab?
(b+cer®)2  ac(b+ ces®)
1
/d:c re® = —e”
2a
1
/dx g2t ear — L‘t:: z? r\| =3 /dtt"e“t [c04(1)]

/d xeaﬂ? ea[l}
€T =
(I1+ax)? a’(l+ax)

ax

/dx e’ sinbxr = 61267_’_()2 (a sin bx — b cos bx)

/da: e’ cosbr = % (a cosbr+bsin bx)
dz e*® sin”™ bx = W (a sin bx —nb cos bx)—i—% / dz e*® sin" "2 bx
dz e*® cos™ bz = e“;;—(l)—s# (a cos bx +nb sin bx)Jr% / dz e*® cos" % bx

dz xe®” sin bax = P (a sin bx — b cos bx)—m

re®” e

dxr ze®* cosbxr = m (acosbx—l—bsinba:)—m ((

ax

a®> —b*) cos bz + 2ab sin bx)

/
/
/ red?® e . ((a2—b2) sin bx — 2ab cos bac)
/

W35c.05 antiderivate di integrandi con logaritmi

/dx Inar = zlnax—=z , /dx(lnam)2 = z(lnax)?—2xmax+22

/dx (lnaz)" = z(lnax)” —n / dz (In az)" !

Inazx 1
n (] no_ n+1 _ -1
/d:cx (In ax) x <n+1 (n+1)2> per n #
Inax 1 9 dx
/dx = §(ln ax) ) /xlna:r = In(lnax)
n n+1
/dfc (In ax) _ (In ax) per m—1
T n+1
Inax 1 Inax 1
_ 1
/dm xn zn—1 (n—1+(n—1)2) per n#
/d "(Inaz)™ = i (In )m_l/d "(naz)™! per n# -1
T x az)” = ——— (naz il T x ax per n
b
/dx In(az+b) = axa—l— In(az+0b) —x

/ dz In(z? +a?) = 2 In(z? +a?) — 22 4 2a arctan z
a
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/dx In(z? —a?) = xln(m2—a2)—2x+alnm+a

2

/dx zIn(z? +£a?) = %(w2:|:a2) In(z? + a?) —
/dx ln x—|—\/9627+a’=x1n‘x—|—\/af—&—a’ x2+a
/dxxln‘x—i—\/ﬂm‘ ( +Z) ln(’x—&—\/m‘—xz@
(sin(ln az) — cos(In ax))

/dx sin(ln az) =
/dx cos(lnax) =

x

2
x
2
T
2

(sin(ln ax) + cos(In ax))

W35c¢.06 antiderivate di integrandi iperbolici e loro inverse

sinh a x

1
/dx sinhar = — coshaz /dx cosh ax =

a

QI Q|

1
/dx tanh ax = — In(cosh az) /d:c cothazx =
a

In | cosh a z
1

/dx sinh? ax = 4—(sinh 2ax—2ax)
a

1
/dx sinh” ax = — sinh™ ™!
na

1
/dx csch ax = / .da: = fln’tanhﬂ‘
sinh a x a 2

d 1
/dx sech’?ax = /hif = — tanh ax
cosh” ax a

h 1
/dx sechax tanh ax /dx sin an = ——sechax
cosh” ax a

sinh" 2 ax

/dx cosh? az = 4 (smh 2az+2a:z:)
a

na n

dx 2
/dx sechazr = /7 = — arctan e®”
cosh ax a

d 1
/dx csch?ax = /h+ = ——cothax
smh” ax a

/dx csch ax cothax = /dxM = —lcsch azr

sinh? ax a

1 -1
/ dz cosh™ az = — cosh®™ ! az sinh azx + i / dz cosh" 2 az

1 1
/dx tanh® ax = z— = tanh az , /dx coth? az = z— = coth ax
a a

/dx arsinhx = / .dx /dx In(xz+
sinh z
dx
dx arcoshx = = dz In(x+
cosh x

/N

S

22 W35 prontuario: integrali
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dx 1 9
/ dz artanhz = / b zartanh x + 3 In(z® — 1)
d the = dv the + + n(? — 1)
x arcothx = oth g — rarcothz+ o In(z
/ dr x 1 / dr x n sign x
sechz  sechz = sinh z ’ csch *  csch ¢ sinh z
T x2 1 T x2 sign x
d = —-V1-—a? d =
/ v sech 2sechx 2 o ’ / o csch © 2csch x + 2
1 1
dr ————— = tanh der ———— = coth
/ * (sinh z)2 e / “ (cosh z)2 oL
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W35 d. integrali definiti

Ricordiamo la costante di Euler-Mascheroni e, = 0.57721 56649 [113d03]
e la funzione Gamma I'(z)

. n?n!
= lim

oy [Weodot)
W35d.01

integrali definiti di integrandi algebrici

/b dz 2™ (1—z)" ! = I'(m)T'(n)

= m per m,n > 0
1
/ dr (z —a)™ t(b—z)" ! =

— (b _ a)m—i—n—l F(m) r(n)

T(m + n) per m,n>0, a<
/Oldz 1%::8 = (-1" <1n21+;~'+(_;)n> per nelP
! dx 7r
/0 (1—z)t/n - n sin © per n>1
1dx 20 _ VAT (e£)
o N at2

per —1<a
2T (+52)
/1d:v ze = il
0 (1—a)e

- per O0<a<1
sin am

/1 dr  /7T(1/a)
o VI—zo al (1 4+1)
/+oo dz -
= — per a>1
o l+a® a sin Z
+oo - ; 1
/0 1+$ " bsinax per <a<
+oo -
= er O0<a<bd
/0 1+$b bsin(“T”) p a
/+°°dm - L er 0<a
0 a2+$2 - 2a 1%
0 de 7 (2n - 3)
B =2,3,4....
/0 (CL2+SE2)" 2aq2n—1 (271—2)!! per 0<a,n ,3,
/+OO - = ~ er a,b>0
o (@) ra?) | 2ab(arp PO
+o0 m—1
v I'(m)I'(n)
d - b,m,n >0
/o x(ax—kb)m-*-n a™ b T'(m + n) per a,0,m,n
/+Ocdx — # z—arctan b or aac—b2>0
o az?t2bztc  Vac- 12 \2 Vae—p) PT®
/+oo da -
o azx2+2br+c

W ove d := 2(b++/ac)

+o0 1 1
/ dx ( - =
1

o] x) = Yem [113d03]

per a,c,d>0
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W35d.02

integrali definiti di integrandi esponenziali

Consideriamo a € Ry , neN, heP.

e L(c+1
/ dz 2°e™ %" = % per ce€(—1,+0)
0 ac

+o0 1
/ dz Vzxe ™ @* = — /&
0 2a

—+oo
/ draz"e™ = n! per neN
0

+oo n!
/ de 2™ e " = i1 per neN
0

—+oo
1
/ dz e—2%" = il
0 2Va

+oo
/ de 2?e " = \/?3
0 a
+o0 oo
oh —ag®  2n—1 oh —az? _ (2h—=1)N T (2h)! m
/o drz™"e Y /0 dzz""e T T oh+l GZhHl — pIo2h+ightl \/ g2ht1

[ araree - LIt D
0

N

2 alct1)/2
“+oo
2h =NV
dz 2t emost = GhZ U J7 heN
/o rzxite SR i1 gh P per
“+oo |
2h+1 —ax? __ h!

/0 dzr z e = W per hEN

+oo 2b 2 T 2
dp e?b®=e2” = JZ /% per a>0,beR
o a

1 1 +o0
1
/ de 27% = / dr e @z — Z* ~ 1.29128 59970 62664
0 0 n"

n=1

1 1 +oo (71)n+1 oo 1
/ dz z° / dre”mr = —) i = ) ~ 0.78343 05107 12134
0 0 n=1 n n=1 (—n)”
W35d.03 integrali definiti di integrandi logaritmici
1
/ dez (Inz)" = (-1)"n! per neP
0
1 “+ o0
/dxln|lnx| :/ dre ™ Inz = Yem
0 0
/1 da In x 7r72
0 x—1 6
/1 da Inx 7T72
0 z+1 12
2024-10-08
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/1 In z
dy —— =
0 V1— 22

W35d.04

integrali definiti di integrandi trigonometrici

/2
/ dz sin" x
0
/2 /2
/ dz sin® z = / dz cos® z =
0 0

g . n (n=1)1! 72
dz z sin" z nll 2
0

_r In 2
2

/ﬁ/2dx cos” ¥ = { (n;&)n per n=1,3,5,...
0

(n—1)!

n!! g per 7122,4767,_.
T (aetl
;I‘EaiQ; per a> —1
2

per n=1,3,5,...
per n=2,4,6,...

/2
/ dz sin?t! 2 cos??t! ¢
0

Consideriamo gli interi m ed n.

7 T(22) per n > —1

I'(a+1)T(b+1)
2T (a+b+2)

s

4 0 per m#mn
/ dz sin mz sin nx = { P .
0

5 perm=n

T 0
/ dr cosmx cosnx = =
0

per m#mn
perm=n#0

2
m perm=n=0
4 0 er m 4+ n pari
dr sin mx cosnx = 2m P p .
o —5-— perm-+n dispari
/”/2 dz /;E dz arccos a g < 1
—_— = = er |a
0 1+acosx o l+asinz V1 — a2 P
/’T dz 2 a arccos a l<a<l
= er — a
o ltasnz Ji_az 7
4 dz ™
/ = per —1l<axl1
o l+acoszx 1—a2

/”/2 dx 71'
0 a? cos? z + b2 sin? z 2a

+oo +o0 \/ﬁ
/ dz sin 22 = / dz cos 2?2 = ==
0 0

5 per a,b>0

4
+o0
1
/ dz sin ¢ = I‘(l—i— )sm7T
0 a a
—+o00
1
/ dz cos z¢ = F(l—l— >COS7T
0 a 2a
+oo .
/ dxsmaz - per a>0
0 xr 2

Foo sin = +oo cos T T
0 VT 0 VT 2
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/+°° da sin?; T 3m
0 X 8
+oo - 4
/ du sm4 r
0 X 3
+00 3
sin x 0
d = 0<a<?
/0 T 2T(a) sin(am/2) bet ¢
+o00
cos T s
d = O<ax<l1
/0 ¥ 2T(a) cos(an/2) P
/+Oodac cos ax —cos bx —?
0 T a
T zsinaz T b
o dz m = 5 e per a, b>0
oo cosaw T —ab
. dz m = Tb e per a, b > 0
W35d.05 integrali definiti di integrandi espotrigonometrici e logtrigonometrici

Consideriamo a >0, neN, heP.

+oo b +00 a
/0 dre *® sinbx = pram i /0 dre ™ sinbxr = P
oo +0o0 2 _ 32
Cax - 2ab ez a®*—b
/0 drze sin bx = m , /0 drze cos br = pear
to g7 gin g b
/ der ———— = arctan — per a>0
0 x a
Bl 3 -
/ dz In(sin ) = / dz In(cos ) = —— In 2
0 0 2
+o00 T T
/ dx/ dz In(1+tan x) = 3 In 2
0 z
+oo :
/ dz T Inz = _z'}/em
0 X 2

L’esposizione in https://www.mi.imati.cnr.it/alberto/ e https://arm.mi.imati.cnr.it/Matexp/matexp_main.php
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