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W30 a. limiti
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z—0 z—0 x—0 e x—0 T
T _1q T _1 1 @ -1
Vae R, ! lima =Ina , lime =1 , lim%:a
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W30 b. derivate

W30b.01 Una f(z) funzione definita in un intervallo reale I a valori reali si dice funzione derivabile
nell'intervallo /  sse

Veel @ D(f(z) = %(I) - fl) = lm @A) @)

- I Af
Az—0 Az Tifs A2Do A
Esempi:
d d d 1
VaeR : a(xo‘):amafl . in partic. VCER : @C:O , @ﬁ: NG
d1 1 d 1 d 1 BxP—1
——= . Vn=0,1,2,...] — Wz =-Ven1 | VYBER, & —— =Y _ pgg=B-1
dz x2 " dz Ve n ' p T dwaf z2P pz
d d d d
VB e Ry \ {1} a(,@’”)zﬁxlnﬁ. in partic. a(ex):ex , a(e_”):— - a(eﬁ”):ﬁeﬂx
d 1 1 d 1
a(logﬁ x) = - logg e = miz a(lnx) =D, (loge ) = ~
(sin ) © (cos a) = —s
—(sinz)=cosx , —(cosxz)=—sinzx
dx dx
d 1 sin x tan x d d 1 cosr cotw
—Secr = — = —CSC & = — = — —
d dz | cos z cos?x  cos x dx dz |sin sinfz sinz
d d [sinz cos? x +sin® z 9 1
—tan x = — = =1+tan’z = ——
dx dz |cos x cos? cos?x
d ; d [cos x} —sin®*z — cos? 1 (2
—cot = — =—-1—cotz=—
dx dx Lsin x sin? z sin? x
. . 1 1 1 1
y =arcsin r : — arcsin x = - = = =
dx Dysiny cosy /1—sin’y V1-—2a?
d 1 1 1 1
= arccosT : ——AarccosT = = —— =— =—
y dz D, cos y sin y V1 =cos?z V1 — a2
1 1 1
= t T — t = = =
y=arctan z : - arctan D tany 1ttty 1327
1 1 1
= t . t = = = —
y = arccotx : ——arccots Dycoty 1+ cotly 1+ 22
d
@(sinh x)=cosh z ﬁ(cosh x) = —sinh z
d d [sinh x cos? z + sin” 9 1
— tanh z = — = =1—tanh” v = ———
de T 4z Losh x} cos? e cosh? x
d d [cosh x 9 1
—coth o = — =1—coth® z = —
T Linh m} com sin? z
h i 1 1 1
=arsinhz : —arsinhz = = = .
4 dx Dysinhy coshy /1422
b d b 1 1 1
=arcoshz : —arcoshx = =— =
Y dx D, cosh y sinh y

y = artanh x

1
\/1—cosh2m Va2 —1
1 1 1

d
: &artanhx =

D, tanh y T 1+ tanh? y T 1442
d th 1
: —arcothz = =
dx D, cothy 1—a?

y = arcoth x

W30b.02

regole di derivazione
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f(z) e g(z) derivabiliin x D, (a flx) + ﬂg(x)) = aD.f(z) + B Dug'(z)

_ ) - g(x x) - T f(z) _ f'(x)g(x) — f(z)g'(x)
Dq(f(x) - g(x)) = Duf(2)-g(x) + f(x) - Dogla) Dr<g(x>) 9(@)
D.f(a(x)) = Dy(a)(a(@) - Dagla) . Duf (9(h(x)) = Dy(f(h(x))) - Di(g(h(z)) - Doh(z)
D,e/™ = &/ .D,f(z) , D,In|f(z)] = D;(f;)x)
9(@) ')

29 — 2)9@ ¢/ (z) - 1In f(z
D.[f(z)] ()7 | g'(z) - In f(2) + f(x) }
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W30 d. serie numeriche

W30d.01
LR 1 B NN oLy ]
+ﬂ+a+§+...+a+... =e , _i+a_§+...+(_> ﬁ N — g
1 1 1 oyl _ 1 1 1 1 _
1—§+571+~~+(71) ﬁ+~~—ln2 , 1+2+4+8+ topto =2
PN S SN G ) U I SIS S S L1
2 4 8 2n 3 35 79 dn—1 4n+1 4
i+i+i+ +#+ =1 1+i+i+i+ + 1 + —1
1-2 2.3 3-4 n(n+1) S 1-3 35 5.7 (2n —1)(2n +1) )
IS S SR S
1-3 2-4 3.5 (n—=1)(n+1) 4
I S SR ! PR
3-5 7-9 11-13 (4n —1)(4n + 1) 2 8
L + L + L + +;+ -
1-2-3  2-3-4 3-4-5 n(n+1)(n +2) 4
! + ! + ! + -4 ! 4= !
1-2---h  2:3---(h+1) 3-4---(h+2) nn+1)---(n+h—1) (h=1)-(h—1)!
LI - R +(1)"*1i+ -
22 0 32 42 n2 6 22 32 42 n? 12
11 1 1 m 11 1 1 7t
14 — 4+ — 4 — e s = 1 — 4 — — — 4o (=), =
Tttt ot 90 ’ STREETRTI +(=D T 720
LA R A _ R +(1)"+1i+ _
24 34 44 n4 9 24 T 34 44 n4 720
32 52 72 (2n +1)2 8 34540 T4 (2n +1)4 96
W30d.02 serie per numeri di Bernoulli e di Eulero
1 1 1 1 2k 92k —1
1+ﬁ+3ﬁ+4ﬁ+"'+ﬁ+"'ZTk)!Brnk
1 1 1 o1 1 n2k (2261 1)
—ﬁ“rﬁ—@‘i‘”'-‘r(—l) W+.'.:WBrnk
1 1 1 1 m2k (2261 1)
14 — 4+ — ... 1)1 S S -
T =T S A e ¥ 7 2 (2k)! i
1 1 1 1 1 m2k (22k-1 1)
1- 32k+1 + 52k+1  72k+1 oot (1) (2n — 1)2k+1 T = 2 (2k)! Eul,
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W30 f. sviluppi in serie di potenze

In questa sezione assumiamo che sia « € Re a,b € R,,,

W30f.01 sviluppi in serie di potenze di espressioni algebriche
-1 —1 -2
(1+2)* = 1+a:c+a( ) )1’2 a(a 6)(a )x?’ +(a>x”+ per —-l<z<l1
n
1 2 3 n
17:1+x+x ‘ot a2t + per —l<zx<l1
LI l—z4+2? -2+ +(-D"2"+--- per —l<z<l

1+

1 1 bx ba\? bz \" |al

= - (14+—4+(— 4+ | — 4+ .- per |I|<—

a—bx a a a a 5]
S 1+i+(i)2+ + () + er |z > 14
T b bz ' \bz ba P 1b]

1+2x+32° 4+ +(n+Da"+--- per —l<z<l

1 17 322 5,28 352 -1/2 " l<z<l
=1—-=4 — - — x er — T
Ttz 2778 16 ' 128 n P =
W30f£.02 sviluppi in serie di potenze per esponenziali
- z? a8 " .
e =1l+os+—+—+--+—+- ‘por —oo0o<z<+00
2 3! n!
i 1 2 1 3 1 n
a® = 1+mlna+(xna) (zIn ) +...+M per —oo<z <400
2 3! n!
1 1 1 =z 3 Brng, 22" 'n
- - o —2r<z<0e0<z<2
-1 7 2712 30a T T @m0 prmemswsiefswsln
1‘3 1,5 m2n+1
s1nhx=x+§+5+”-+m+-~ per —o00 < T <400
h N <z <+
coshz = — er —oo<zI 00
ol 4l 2n)! P

¥ 225 1727 22n(22n _ 1) S v ™
tanh$:$_§+ﬁ_ﬁ++wBrn2n$ —+ - per —§<II;<§

T .’L‘3 2.’L‘5 22n

1
coth x = ;—i-g—R+%+~--+mBrn2n9€2n_l+~- per t1<z<0e O0<z<m
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1 1 IE+7IE3+ +22n7 B 2n71+ < <0 0< <
= ———4+—+--+—Brng, <o per < e <7
smhz =z 6 360 @n)l P

1 z?2 5zt Euls s T

h = :1_7 —_— e 771 2n .« _7< <7

e 2 T T @ni TP mosTsy

2 3 4 n
x net T
1 /z\2 1 f2\3 1 rx\"

L IEE 1L N 1 R ) S
n(a+ x) na+-— -5 (=~ 3\ +(-1) el O per a<z<a
In(1 + 2) x 1 x 2 n T "+ 1<
n = - — ro— -

* 142 2 \1+=x n \l+z be v
3 3ab (2n — )N 9
i — R Tt B LR St A 2 o S T _
arsinhz = x 5 + 10 + (1) (2n)!!(2n—|—1)x + per l<a<1
1 3 (2n — 1)
arCOth:1n|2m|—rx2—m—"'—m— per ‘CU|>].
.’133 .’135 x2n+1
artanhx:x+§+g+-~-+2n+1+ per —l<x<l1
1 1 1
arcothz = —+ +- per |z|>1

x 3z 5uab (2n+1)5x2ntl

W30f.03 sviluppi in serie di potenze per espressioni trigonometriche
. B T R ¢ L p2nt
., B o 22
cos T = —E—I—I—a—i—----k(—) (2n)!+”' per —oo<x < +00
@3 245 1747 22n(22n _ 1) ™ 5
t = — YO e S o't n 2n=1_ . —<r< =
e I T 7T (=1) @u)l e dT e per g < ¥Sy
1 3 2 5 22n
CO“”:;_g % 915 +( 1)”WBrn2nx2"*1+~~ per 7<z<0elO<z<m
x2+5x4+61x6 (—1)" Euly, 2n Ty T
secx = =1-—+—4+—+ -+ (- x er —<zx<—-
cos T 2 " 24 " 6l 2n)! Per g 2
1 723 31a® 22n 2
cscx—f+%+%+37;+-~-+(—l)”_l )l Brng, 22" ' +... per m<az<m,x#0
. 3 3,2° (2n1)!! 2nt1
arcsmx:x+€+ 10 (2n)!!(2n+l)x +--- per —l<z<l1
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3 45 o7 p2ntl
arcctany = t— —+ ———+--++(-1)"—+--- per —l<z<l
3 5 7 2n+1
u .
arccosr = §—arcsmx per —l<zx<l1
7
arccotr = — —arctanx per —1<z<1

L’esposizione in https://www.mi.imati.cnr.it/alberto/ e https://arm.mi.imati.cnr.it/Matexp/matexp_main.php
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